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Abstract—The introduction of a new parameter—the modified Stokes number—is proposed and substantiated.
This parameter quantitatively determines the limits of the modes of inertial and inertialess flotation in rheolog-

ically complex media with non-Newtonian viscosity.

Flotation is based on the physical effect of sedimen-
tation and adhesion of suspended particles to the sur-
face of a rising bubble. Flotation technologies are
widely used to separate liquid inhomogeneous systems.
In this case, the dispersed phase (solid particles in sus-
pensions and liquid drops in emulsions) are separated
from the dispersion medium. Flotation is convention-
ally used for ore dressing. This is the so-called inertial
flotation, which is characterized by high concentrations
(up to hundreds of kilograms per cubic meter of flota-
tion medium), density (p, > p)), and sizes (d, = dy) of
separated particles. In addition, in recent decades, flo-
tation has been used in microbiology, the food industry,
and water treatment. This is the so-called inertialess flo-
tation that is characterized by low concentrations (as
low as several grams per cubic meter of flotation
medium) of separated micronic and submicronic parti-
cles (d, < d,), whose density p, is close to the density
p, of the flotation medium. Examples of such flotation
include the concentration of cultural media in microbi-
ology, juice settling, and wastewater treatment to
remove oils, fats, and emulsified petroleum products
[1-3].

A quantitative measure of the limits of the modes of
inertial and inertialess flotation is the Stokes number

St = d;W(p, - p)/18Wd,, (1)

where W is the relative velocity of the bubble and the
particle.

The following hydrodynamic modes of flotation are
distinguished [4]:

(1) at St <0.01, there is an inertialess mode, in which
the inertial forces exert almost no effect on the particle
moving along the streamlines in the vicinity of the bub-
ble;

(i1) at 0.01 < St < 1, there is a transient mode, in
which the inertial and viscous forces are comparable;

(ii1) at St > 1, there is an inertial mode, in which the
inertial forces are dominant in the interaction between

the particle and the bubble and the trajectory of the par-
ticle approaching the bubble deviates slightly from a
straight line.

These relations are valid for flotation media with
constant (Newtonian) viscosity. However, the presence
of dispersed-phase particles (fat or oil drops, high-
molecular-weight compounds, surfactants, etc. [5]) in a
flotation medium imparts certain non-Newtonian rheo-
logical properties to the medium. It is evident that such
flotation media should also be described by a hydrody-
namic parameter that is similar to expression (1) and
that separates the regions of inertial and inertialess flo-
tation.

Let us call this parameter the modified Stokes num-

ber St and determine its expression from the following
reasoning. The Stokes number is the ratio of the inertial
path length x, traveled by a particle with initial velocity W,
in a continuous medium to the characteristic size [, [4]:

St = x,/l,. ©)

In the process under consideration (flotation), the char-
acteristic size is the bubble size; i.e., [, = d,. The differ-
ential equation of motion of a particle in a continuous
medium in the steady-state mode has the form [6]

m,WdWidx = —~CF,p,W’/2. 3)

The drag coefficient C in Eq. (3) for a non-Newtonian
liquid in this hydrodynamic mode (at low Reynolds
numbers) by analogy with an ordinary Newtonian lig-
uid can be expressed as

C = 24/Re. )

For non-Newtonian flotation media, we use a two-
parameter power-law model. Then, the modified Rey-
nolds number in expression (4) can be written as [7]

Re = p,diW*"IK. 5)
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Substituting relations (4) and (5) into Eq. (3), express-
ing the weight and cross-sectional area of the particle
through its diameter d, and density p,,, and making cer-
tain transformations, we obtain

dx = 2o iy ©)
T 18K ‘
Integration of expression (6) with respect to x, from 0
to x, and with respect to W from W to O yields the
desired value of the inertial path length in a continuous
medium:

p d1+n

_ p%p 2-n
Y= Bgro-m”
In this case, according to expression (2), the modified

Stokes number for a non-Newtonian continuous
medium is written as

@)

ppdll)+n
18K(2 - n)d,

At n =1, the modified Stokes number is identical to the
Stokes number for a flotation medium with constant
(Newtonian) viscosity (K = ). The proposed expres-
sion for the modified Stokes number should be used as
a quantitative parameter that separates the regions of
inertial and inertialess flotation in rheologically com-
plex media.

As an example, we determine the hydrodynamic
mode of flotation separation of a fat-containing emul-
sion forming in vegetable oil refining in margarine pro-
duction. We use the following starting data [8]:

the rheological constants of the fat-containing emul-
sion at working temperature (1 =40°C) are 9.1 X 10~ Pa s"
and n = 0.60;

the densities of the emulsion and fat particles are
p1 =998 kg/m’ and p, = 920 kg/m’, respectively;

St = w2 (8)

the size of flotation bubbles generated electrolyti-
cally at working current density (i = 100 A/m?) is d,, =
82 wum;

the averaged (weighed over the specific area) size of
fat particles is d, = 10.6 pm;

the gas content of the flotation medium is ¢ = 0.039.

Because of the insignificant difference in density
between the emulsified fat particles and the flotation
medium, the relative velocity of the particle and the
bubble can be taken to be equal to the rising velocity of
the bubble: W = W,. This velocity was determined in
terms of the gas content ¢ of the non-Newtonian flota-
tion medium by the formula [9]

_ |: 2p1g i|1/n
"7 333+ 20K, ©)
).

2

% R£n+ 1)/n(2 _ 3(p1/3 + 3(95/3 . 2(p
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Here,

i

_ 2,(9 5/3 10/3
I, = J.[Zcos G(Z—S(p +5¢ )
0

(n=1)12
+5in’0(36 + 12¢°" + (p”’”)} 5in0do,

is an integral function, whose value was determined
numerically [8] and, at ¢ = 0.039 and n = 0.60, is equal
to 1.02. At n = 1, formula (9) appears as the relation
derived previously [10] for a Newtonian liquid, and at
n =1 and @ = 0 we have the known Stokes formula for
a single bubble with a stagnant surface.

Substituting the initial data into formula (9), we find
W, = 1.76 x 10~ m/s. The numerical value of the mod-
ified Stokes number for the flotation system under con-
sideration can be calculated from derived relation (8):

S = 220x(10.6x 109" % (1.76 x 107)"
18x9.1x 107 x(2-0.6)x82x 10"
= 743x 107

The result obtained shows that, in the system under
consideration, there is a pronounced inertialess flota-
tion mode: the inertial forces are much weaker than the
viscous friction forces and the decisive factor in calcu-
lating the flotation separation efficiency is the long-
range hydrodynamic interaction between the particle
and the bubble.
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NOTATION

C—drag coefficient;
d—diameter, m;
F—cross-sectional area, m?;
g—acceleration of gravity, m/s%;

K—rheological constant, a measure of consistence
of a non-Newtonian liquid, Pa s";

m—weight, kg;

n—rheological constant, flow index of a non-New-
tonian liquid;

R—radius, m;

W—velocity, m/s;
U—dynamic viscosity, Pa s;
p—density, kg/m?;

(—gas content.
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SUBSCRIPTS
b—Dbubble;
l—liquid;
p—particle.
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