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Abstract—The introduction of a new parameter—the modified Stokes number—is proposed and substantiated.
This parameter quantitatively determines the limits of the modes of inertial and inertialess flotation in rheologically complex media with non-Newtonian viscosity.

Flotation is based on the physical effect of sedimentation and adhesion of suspended particles to the surface of a rising bubble. Flotation technologies are
widely used to separate liquid inhomogeneous systems.
In this case, the dispersed phase (solid particles in suspensions and liquid drops in emulsions) are separated
from the dispersion medium. Flotation is conventionally used for ore dressing. This is the so-called inertial
flotation, which is characterized by high concentrations
(up to hundreds of kilograms per cubic meter of flotation medium), density (ρp  ρl), and sizes (dp ≥ db) of
separated particles. In addition, in recent decades, flotation has been used in microbiology, the food industry,
and water treatment. This is the so-called inertialess flotation that is characterized by low concentrations (as
low as several grams per cubic meter of flotation
medium) of separated micronic and submicronic particles (dp  db), whose density ρp is close to the density
ρl of the flotation medium. Examples of such flotation
include the concentration of cultural media in microbiology, juice settling, and wastewater treatment to
remove oils, fats, and emulsified petroleum products
[1–3].
A quantitative measure of the limits of the modes of
inertial and inertialess flotation is the Stokes number
St = d p W ( ρ p – ρ l )/18µ l d b ,
2

(1)

where W is the relative velocity of the bubble and the
particle.
The following hydrodynamic modes of flotation are
distinguished [4]:
(i) at St ≤ 0.01, there is an inertialess mode, in which
the inertial forces exert almost no effect on the particle
moving along the streamlines in the vicinity of the bubble;
(ii) at 0.01 < St ≤ 1, there is a transient mode, in
which the inertial and viscous forces are comparable;
(iii) at St > 1, there is an inertial mode, in which the
inertial forces are dominant in the interaction between

the particle and the bubble and the trajectory of the particle approaching the bubble deviates slightly from a
straight line.
These relations are valid for flotation media with
constant (Newtonian) viscosity. However, the presence
of dispersed-phase particles (fat or oil drops, highmolecular-weight compounds, surfactants, etc. [5]) in a
flotation medium imparts certain non-Newtonian rheological properties to the medium. It is evident that such
flotation media should also be described by a hydrodynamic parameter that is similar to expression (1) and
that separates the regions of inertial and inertialess flotation.
Let us call this parameter the modified Stokes number S˜ t and determine its expression from the following
reasoning. The Stokes number is the ratio of the inertial
path length x0 traveled by a particle with initial velocity W0
in a continuous medium to the characteristic size l0 [4]:
S˜ t = x 0 /l 0 .

(2)

In the process under consideration (flotation), the characteristic size is the bubble size; i.e., l0 = db. The differential equation of motion of a particle in a continuous
medium in the steady-state mode has the form [6]
m p WdW/dx = – CF p ρ l W /2.
2

(3)

The drag coefficient C in Eq. (3) for a non-Newtonian
liquid in this hydrodynamic mode (at low Reynolds
numbers) by analogy with an ordinary Newtonian liquid can be expressed as
˜ .
C = 24/Re

(4)

For non-Newtonian flotation media, we use a twoparameter power-law model. Then, the modified Reynolds number in expression (4) can be written as [7]
˜ = ρ d n W 2 – n /K.
Re
l p
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(5)
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Substituting relations (4) and (5) into Eq. (3), expressing the weight and cross-sectional area of the particle
through its diameter dp and density ρp, and making certain transformations, we obtain

Here,
π

I1 =

∫

2
9
5/3
10/3
2 cos θ  --- – 5ϕ + 5ϕ 
4


0

ρp d p
1–n
dx = – ----------------W
dW.
18K
1+n

(6)

Integration of expression (6) with respect to x0 from 0
to x0 and with respect to W from W to 0 yields the
desired value of the inertial path length in a continuous
medium:
ρp d p
2–n
-W .
x 0 = -------------------------18K ( 2 – n )
1+n

(7)

In this case, according to expression (2), the modified
Stokes number for a non-Newtonian continuous
medium is written as
ρp d p
2–n
-W .
S˜ t = -------------------------------18K ( 2 – n )d b

2

+ sin θ ( 36 + 12ϕ

5/3

+ϕ

10/3

)

( n – 1 )/2

sin θ dθ,

is an integral function, whose value was determined
numerically [8] and, at ϕ = 0.039 and n = 0.60, is equal
to 1.02. At n = 1, formula (9) appears as the relation
derived previously [10] for a Newtonian liquid, and at
n = 1 and ϕ = 0 we have the known Stokes formula for
a single bubble with a stagnant surface.
Substituting the initial data into formula (9), we find
Wb = 1.76 × 10–3 m/s. The numerical value of the modified Stokes number for the flotation system under consideration can be calculated from derived relation (8):

1+n

(8)

At n = 1, the modified Stokes number is identical to the
Stokes number for a flotation medium with constant
(Newtonian) viscosity (K ≡ µ). The proposed expression for the modified Stokes number should be used as
a quantitative parameter that separates the regions of
inertial and inertialess flotation in rheologically complex media.
As an example, we determine the hydrodynamic
mode of flotation separation of a fat-containing emulsion forming in vegetable oil refining in margarine production. We use the following starting data [8]:
the rheological constants of the fat-containing emulsion at working temperature (t = 40°ë) are 9.1 × 10–3 Pa sn
and n = 0.60;
the densities of the emulsion and fat particles are
ρl = 998 kg/m3 and ρp = 920 kg/m3, respectively;
the size of flotation bubbles generated electrolytically at working current density (i = 100 A/m2) is db =
82 µm;
the averaged (weighed over the specific area) size of
fat particles is dp = 10.6 µm;
the gas content of the flotation medium is ϕ = 0.039.
Because of the insignificant difference in density
between the emulsified fat particles and the flotation
medium, the relative velocity of the particle and the
bubble can be taken to be equal to the rising velocity of
the bubble: W = Wb. This velocity was determined in
terms of the gas content ϕ of the non-Newtonian flotation medium by the formula [9]
2ρ l g
W b = -------------------------------------5/3
3 ( 3 + 2ϕ )K I 1
×

( n + 1 )/n
(2
Rb

– 3ϕ

1/3

+ 3ϕ

5/3

1/n

(9)
– 2ϕ ).
2

– 6 1.6

– 3 1.4

920 × ( 10.6 × 10 ) × ( 1.76 × 10 )
S˜ t = ---------------------------------------------------------------------------------------------–3
–6
18 × 9.1 × 10 × ( 2 – 0.6 ) × 82 × 10
= 7.43 × 10 .
–5

The result obtained shows that, in the system under
consideration, there is a pronounced inertialess flotation mode: the inertial forces are much weaker than the
viscous friction forces and the decisive factor in calculating the flotation separation efficiency is the longrange hydrodynamic interaction between the particle
and the bubble.
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NOTATION
C—drag coefficient;
d—diameter, m;
F—cross-sectional area, m2;
g—acceleration of gravity, m/s2;
K—rheological constant, a measure of consistence
of a non-Newtonian liquid, Pa sn;
m—weight, kg;
n—rheological constant, flow index of a non-Newtonian liquid;
R—radius, m;
W—velocity, m/s;
µ—dynamic viscosity, Pa s;
ρ—density, kg/m3;
ϕ—gas content.

THEORETICAL FOUNDATIONS OF CHEMICAL ENGINEERING

Vol. 39

No. 3

2005

QUANTITATIVE DETERMINATION OF THE LIMITS OF HYDRODYNAMIC MODES

SUBSCRIPTS
b—bubble;
l—liquid;
p—particle.
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